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HARMONIC SEQUENCES AND HARMONIC
MAPS OF SURFACES
INTO COMPLEX GRASSMANN MANIFOLDS

JON G. WOLFSON

Introduction

Let G(k, n) be the Grassmann manifold of all k-dimensional subspaces C*
in complex space C" or, what is the same, all the (k — 1)-dimensional
projective spaces CP*~! in projective space CP"~ . G(k, n) has a canonical
Kahler metric. We will study the harmonic maps of a Riemann surface M into
G(k, n). In particular we will describe all the harmonic maps of the two-sphere
$? into G(k, n) in terms of holomorphic data and all the harmonic maps of
the torus T2 into G(k,n) in terms of holomorphic data and degree zero
harmonic maps. This work completes (and extends) the program for studying
harmonic maps of $? into G(k, n), first stated by the author and S. S. Chern
in [4] and partially completed in [5]. The harmonic maps of S? = G(1,n) =
CP"~! were first determined by Din and Zakrzewski ([6], also see [7] and [11]).
The harmonic maps $% — G(2,4) were determined by Ramanathan [9] and the
harmonic maps §? — G(2, n) were determined by the author and Chern {5].
Using techniques completely different from those of the papers cited above
Uhlenbeck studied the harmonic maps of $? into the unitary group U(n) [10].
In the course of the study she gave a description of the harmonic maps of S?
into G(k, n) by embedding G(k, n) totally geodesically in U(x). The descrip-
tion given in this paper is quite different from Uhlenbeck’s and works
intrinsically with G(k, n).

The fundamental object of study in this paper is the transforms of a
harmonic map of a surface M into G(k, n). To define the d-transform (or
3-transform) consider a map f: M — G(k, n), when M is an oriented Rieman-
nian surface. We write the Riemannian metric of M as ds;, = ¢, where @ is a
complex-valued one-form, defined up to a factor of absolute value 1. This form
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¢ defines a complex structure on M. For x € M the space f(x) has an
orthogonal space f(x)* of dimension n — k. We denote by [f(x)] and
[ f(x)*] their corresponding projective spaces, of dimensions k — 1 and n — k
— 1, respectively. For a vector Z(x) € f(x) the orthogonal projection of 3Z
in f(x)* is multiple of @, and hence, by cancelling out ¢, defines a point of
f(x)*. This defines a projective collineation 3 : [ f(x)] — [ f(x) '], to be called
a fundamental collineation. The mapping defined by sending x € M to the
image of [ f(x)] under 9 is called the 0-transform. Similarly, we define the
9-transform.

If the map f:M — G(k,n) is harmonic then its 9-transform and 0-
transform are also harmonic. Note that a fundamental collineation 9 (resp. 9)
may degenerate or may be zero. If it is zero then the map is antiholomorphic
(resp. holomorphic). If it degenerates then the d-transform (resp. d-transform)
is a harmonic map M — G(/, n) where | < k.

By successive applications of the 0-transform (or 9d-transform) we can
construct a sequence of harmonic maps

[£(x)] S a[£(x)] > 02 [f(x)] > -

called a harmonic sequence. If any of the fundamental collineations of the
sequence degenerates then the sequence associates to f a harmonic map
g:M — G(l,n), | <k.In §4 we will show that when M has genus zero the
harmonic map f can be recovered from g by iterating a construction called
returning. Each returning is essentially a choice of a holomorphic subbundle of
a holomorphic bundle over M. In §5 we describe a construction different then
returning, called extending, which effects the reconstruction of f from g for a
surface M of any genus. Each extending, like each returning, is a choice of a
holomorphic subbundle.

In §3 we will derive an inequality relating the energy of f to the degree of f,
the genus of M and the singularities of the fundamental collineations of the
harmonic sequence generated by f. When the genus of M is zero or when the
genus of M is one and the degree of f is nonzero this inequality implies that
one of the fundamental collineations must be degenerate.

Combining the results of §§3 and 4 and using induction we can prove.

Theorem 1. Let f:S* — G(k,n) be a harmonic map. Then f can be con-
structed from holomorphic or antiholomorphic curves S* — G(l, n), where 1 < [
< k, using the 9 and 3 transforms and returnings.
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Combining the results of §§3 and 5 and using induction we have

Theorem 2. Let f: M — G(k, n) be a harmonic map, where M is a surface
of genus one. Then f can be constructed using the d and 9 transforms and
extendings from either:

(1) A holomorphic or antiholomorphic curve M* —» G(l,n),1 <1< k, or

(2) A degree zero harmonic map M* - G(I,n),1 < I < k.

In fact the statement of Theorem 2 can be made even stronger; see Theorem
5.2. Theorem 2, with (2) deleted, holds when M is a surface of genus zero; see
Theorem 5.1.

The inequality in §3 should with more careful analysis yield much interesting
information about harmonic maps and harmonic sequences in G(k, n).

It is a pleasure to thank R. Bryant and D. Burghelea for some interesting
conversations. This paper was written while the author was visiting the
Max-Planck Institute fur Mathematik, Bonn, West Germany; I am indebted to
the Institute for its support.

§1. Geometry of G(k,n)
We equip C” with the standard Hermitian inner product, so that, for Z,
weC”,

(1.1) Z= Az, 7, 2,), W=(wy,-5,w,),

we have

(1.2) (ZW)=X 2,5, =X 27

Throughout this paper we will agree on the following ranges of indices
(1.3)

1<A4,B,C,---,<n, 1<a,B,y, - <k, k+1<i,j, h, - <n.
We shall use the summation convention, and the convention
(1.9) Z,=zg, L1 = 1,5, eic.
A frame consists of an ordered set of »n linearly independent vectors Z,, so

that
(1.5) Z A ANZ,#0.

1t is called unitary, if

(1.6) (Z4,Zs) = 843-

The space of unitary frames can be identified with the unitary group U(n).
Writing

(1.7) dZ, = w52y,
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the w,3 are the Maurer-Cartan forms of U(n). They are skew-Hermitian, i.e.,
we have

(1.8) w,p + wz, = 0.
Taking the exterior derivative of (1.7), we get the Maurer-Cartan equations of
U(n):
(1.9) dw,p = W N Ocp.
An element C* of G(k, n) can be defined by the multivector Z; A --- AZ,
# 0, defined up to a factor. The vectors Z, and their orthogonal vectors Z, are
defined up to a transformation of U(k) and U(n — k), respectively, so that
G (k, n) has a G-structure, with G = U(k) X U(n — k). In particular, the form
-(1.10) ds? = w0

is a positive Hermitian form on G(k, n), and defines an Hermitian metiic. Its
Kahler form is

(1.11) = _2_‘/—,”1"-’0”’ A Wg;.

By using (1.9) it can be immediately verified that  is closed, so that the metric
ds? is Kahlerian.

§2. Harmonic maps of surfaces

Let M be an oriented Riemannian surface and let f: M — G(k,n) be a
smooth map. Denote the Riemannian metric on M by dsi, = ¢ - @, where o is
a complex valued one-form (g is defined up to a complex factor of absolute
value one). Choose a field of unitary frames Z, (as in §1) so that Z_ span
f(x), x € M. Then

(2.1) frog = ay® + by®.
The energy of the map f is by definition,

E(f) =/M tr( f *ds?) d vol

where ds? is the metric on G(k, n) and the trace is taken with respect to the
metric on M. By (2.1) and (1.10) this becomes

(2.2) E(f)= /M Z(|aa;[2 + |'bai|2_)

A map which is a critical point of the energy functional is called harmonic.

VI

-1 A
3 PAe
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The pullback of the Kahler form & by the map f defines an integral
cohomology class [ f *Q] € H*(M; Z). Evaluating this class on the fundamen-
tal homology class of M yields an integer [ f *Q]([ M) called the degree of f.
The degree of f can be computed from (1.11) and (2.1) as follows:

degs=[ 140 =5L [ T (a0 + b,5) (e +509)
(2.3)

= T (laal ~15) 520 n .

A map f: M — G(k,n) induces over M a vector bundle V with fibers f(x),
x € M. In terms of our frames Z, a local section Z of V can be written

(2.4) Z=¢Z,

where the ¢* are complex-valued functions on M. The bundle V is a sub-
bundle of the trivial rank » bundle M X C”. As such it inherits (by restriction)
a hermitian connection V. We denote the (0,1) part of the connection by
v O, The (0,2) part of the curvature of v vanishes because M is a Riemann
surface. Thus

(2.5) (vO)Y =0,

But (2.5) is the integrability condition for a holomorphic structure on V which
satisfies ‘

vob =3,
Thus by the Newlander—Nirenberg theorem V has the structure of a holomor-
phic bundle. Clearly the same argument shows that any subbundle of the
trivial bundle M X C" is equipped with a natural holomorphic structure. In
the sequel when such bundles arise we will consider them equipped with this
holomorphic structure. In particular the bundle W, whose fiber at x € M is
the (n — k) plane f(x)* orthogonal to f(x) in C”, has a holomorphic
structure. A local section Z of W can be written using our frame Z, as
Z = 1'Z, where the 7' are complex valued functions on M.
Let 79 (resp. T®V) be the cotangent bundle on M of type (1,0) (resp.
type (0, 1)). Its sections can be written as fo (resp. f@) where f is a function
on M. Define the mappings

(2.6) 1:VowWe TAY  5:VowWe 70D
by ;
a(gaza) = gaaaizi ® (p 5(gazlx) = gtxbalrzi ® 6'

In [5] the following theorem is proved.
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Theorem 2.1. Let f:M — G(k,n) be a smooth map, then the following

conditions are equivalent.
(1) fis harmonic,

(i) 0 is a holomorphic bundle map,

(iii) 0 is an antiholomorphic bundle map.

Suppose now that f is a harmonic map. By Theorem 2.1 the image of 9 is
itself a holomorphic bundle which we denote V; ® T®9. Although 3 is not a
well-defined bundle map from V to V; it induces a well-defined projective
bundle map from the projectivization [V] of V to the projectivization [V;] of V,.
This map and its analogue for 9 are called the fundamental collineations of f.
By abuse of notation we will denote these projective bundle maps by 9 and 9.
[V,] is a projective subbundle of M X P" 1(C). Denote its projective rank by
"k, — 1. We define the 9 transform of f '

(2.7) f: M — G(ky,n)
by 8f(x) = [V,].(= 3[f(x)]), x € M. The 9 transform, df, is defined simi-
larly.

Theorem 2.2. Let f: M — G(k, n) be a harmonic map. Then
(i) The 0 and 9 transforms, 3f and df, of f are harmonic maps.

(i) If k; =k, the map 3(3f) is f itself. In fact if Z, spans f(x), Z,,
e=k+1,---,2k, spans 9f(x) and A is the matrix representation of o with
respect to these frames then ~‘A is the matrix representation of 0 with respect to
the same frames. In this sense 3 and 0 are “inverse” transforms.

Proof. See[5].
Repeating the constructions of Theorem 2.2 we get two sequences of
harmonic maps

f0(=f)‘a’f1‘a’f2"

3 F)
fo2fa—2fa—
whose image spaces are connected by fundamental collineations. Such se-

quences are called harmonic sequences. When the k,’s are equal we can
combine the sequences into one:

) i) )
"‘f-2?f-1?fo?f1

By construction two consecutive spaces [f,(x)] and [f,,(x)]l, x € M, of a
harmonic sequence are orthogonal. Moreover, denoting by V, the bundle over
M induced by f,, for each p there is a holomorphic bundle map

J
(2.8) V>V, T4
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and an antiholomorphic bundle map
E_)P
(2.9) V,»V,_,® 7O,

Example. Let f:M — G(1,n + 1) = CP" be a holomorphic map. Classi-
cally there is associated to f a unitary framing {Z,,---, Z,} of C”" such that
Z, - -+ Z, span the kth osculating space of f. This framing is called the Frenet
frame of the curve. Analytically each element of the Frenet frame satisfies

(2.10) dZ,= -a, \9Z, | + w,;Z,+ a,9Z,, .

Moreover each Z, defines a line bundle over M, or, what is the same, a map -
M — CP”. These line bundles (or maps) form a harmonic sequence. The 9
fundamental collineations are given by the scalars a,, the ¢ fundamental
collineations by the scalars a@,_;. This sequence has length at most » + 1 and
ends in an antiholomorphic curve M — CP", the polar curve of f. For more
details see [11}].

In the remainder of this paper we will adopt the convention that capital
Roman letters (eg. L, V, W, etc.) will denote rank / complex subbundles of the
trivial bundle M X C" and their associated maps M — G(/, n). We will freely
identify these two corresponding objects.

§3. Harmonic sequences

In this section we discuss some of the geometry of harmonic sequences over
a Riemann surface and, in particular, over the two-sphere and the toris. We
begin with the simplest case, the harmonic sequences of maps M — G(1,»n) =
CP™ ! Let
80 81 a_\-fl a_r .
(3.1) L,b»L, ->L,»> - 5L > -

s

be a harmonic sequence where each L, is a map M — G(1, n) or, what is the
same, a rank one vector bundle (a line bundle) over M. We have seen that the
map d, is a holomorphic bundle map:

)
(3.2) L,—>L,,, &7

where T®? js the holomorphic cotangent bundle of M. 3, has only isolated
zeroes. The number of zeroes of 9, counted according to multiplicity, is called
the ramification index of 9, and will be denoted r(d,). The following formula
is well known [§]

(3.3a) (L, ® TEY) = ¢ /(L) +r(3,)
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(3.3b) Cl(Lp+1) = Cl(L ) + r( ) -(2g-2)

where c¢; is the Chern number of the line bundle and g is the genus of M.

On the other hand the Chern class of the line bundle L , can be computed as
follows. Choose a unitary framing {Z;,---, Z,} of C" adapted so that span
{Z,_1})=L,_y,span{Z,}=L,andspan{Z, ,}=L,,,. (To choose such a
frame requires the additional assumption that the map L, is conformal.
However, the result to follow does not depend on this assumption. When we
discuss the general case we will not make this assumption.) (3.1) and harmon-
icity give

P
= Z ( )@ZU+ wp—l,p——l_Zp—l

n
+ap—lq)Zp +( )¢Zp+l + Z ( )¢Z'r
T=p+2

(3.4) dz, = —Ep 1$Z, 1+ w0, + apZ,

dZ, ., = Z ( )9z, +()9Z,., - 3,92,

+“’p+1 p+lZp+l + Z ( )(PZT
T=p+2

where a,_;, and a, are functions representing the 9 and 9 fundamental
collineation of L, w,; is the connection 1-form of the bundle L,. The
curvature of L, can then be computed from the Maurer-Cartan equatlons of

U(n):
do,, = (-a, 1) Aa,_,9) +(a,9) A(-2,7)
(3.5)

Thus

(36) () = 5= [ (14, ~1a, 7)o A 5.

Note that from (3.4) it is immediate that the only (0,1) form among the
coframing of dZ, ., is w,,; ; = —a,®. Applying the above reasoning to L,
we get

(3.7) e(Lyn) =55 [ (la, =1a,uil)o A 5,

= (la,-al* ~la,)o A 5.
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for some function a,, , representing the 3 fundamental collineation of L , . It
follows that

(3.8)

By (3.3),
£ alt)= £ {atto+ T o) -plas =2
) S e r T T ) g - 9D

p=1 g=0
Theorem 3.1. Ler (3.1) be a harmonic sequence for the map Ly: M —. G(1, n)
where M has genus g and the ramification index of 8, is r(3,). Then for any s

s+ Dale) + X T r(3,) ~(g—Ds(s +1)
(3.10) p=1 4=0 .
<—- energy(L,).

Proof. The energy of L, is £ [y,(Ja_|* + |ag|*)@ A §. Moreover |a] = 0 if
and only if L is antiholomorphic, (equivalently a, = 0 if and only if 9, = 0).

Corollary 3.2. When g = 0 the harmonic sequence (3.1) must terminate.

Suppose g = 0 and that L, is the last element of the harmonic sequence
(3.1). Then L,: M — G(1, n) is an antiholomorphic map. The construction of
the harmonic sequence of a holomorphic or antiholomorphic curve in CP*~!
is precisely the classical construction of the curve’s Frenet frame. Hence L, is
an element of the Frenet frame of L, and we have proved the result of
Din-Zakrzewski [6]. (For this version of this theorem see [11].)

Applying to the above considerations to the harmonic sequence

3 3 3 3

(3.1a) <L e o «L <L,
It follows that

1 i 2
—— energy (L) < —ng laol o A P

(3.11) < (s+ Da(Ly) - i pi r(ﬁ_q)

+(g— Ds(s +1).
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Proposition 3.3. When g =1 and degL, < O then the harmonic sequence
(3.1) must terminate. When g =1 and degL, > 0 or when g =0 then the
harmonic sequence (3.1a) must terminate.

Proof. degL, is the degree of the map L,:: M — CP" . As degL, =
—-¢,(L,) the first statement follows from (3.10) and the second statement
follows from (3.11).

Thus when g = 1 and degL, # O there is a terminal element to the left or
the right of the harmonic sequence

F] P 3
(3.12) -+« LjeLy>L > ---.

Suppose, without loss of generality, that L_,, ¢ > 0, is the terminal element.
Then L_,: M — CP""! is a holomorphic curve and the harmonic map L,
occurs as an element of the Frenet frame of L _,. This result is due to Eells and
Wood [7]. Their proof is different from the one given here.

We remark that if a harmonic sequence (3.12) terminates in one direction
then it must terminate in the other direction and it contains at most n
elements. This is an immediate consequence of the construction of the Frenet
frame of a holomorphic or antiholomorphic curve in CP"~1.

We now turn to the general case of a harmonic sequence

80 a1 a.r—l a:
(3.13) Vo2 V,—> oo >V > .
ER a_ 3
3.13a EV eV, eV,
s 1 0

where each V, is a map M — G(k, n) or a rank k vector bund_le over M. We
would like to find conditions under which one of the d or 9 fundamental
collineations degenerates, that is, has rank less than k.

We can change the sequence (3.13) into a sequence of line bundles by taking
the & th exterior power of each bundle

det 3, det 9, detd,_,
(3.14) AV, 5 AV 5 AV, 5 o0 5T AV 5
In (3.14) the map detd, is a holomorphic bundle map
det 3, P
(3.15) A"Vp = AV, @ (THD)N
Formula (3.3) can be written
(3.16) el AV ) = ¢ (A*V,) + r(detd,) — k(2g — 2).

We remark that (3.16) is a ““Plucker formula” for harmonic maps M — G(k, n).
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The Chern number cl(A"Vp) can be computed as follows: First, it is an
elementary and basic fact of k-plane bundles that if the connection form of V,

is given by (waB), a, B < k, then the connection form of A"VIJ is given by
(7o) = Looi Taq Thus
(3.17) (V) = ¢, (A*V,).

To compute ¢,(V,) we adapt a unitary framing {Z; --- Z,} of C” to the map
V, as in §1, that is the vectors Z span Vp, where 1 < @, 8 < k. Then we have

Zl Zl
: m, A9+ B9
d Zk = 114 B k|»
: P~ Byo :
Z, Z,
where ™, is a k X k skew-hermitian matrix of 1-forms and A, and B, are
k X (n — k) matrices of functions. In fact in the notation of §2
T, = (waﬁ)a
A + Bg = (wy),
A,=(ay), B,=(by).

m, is the connection 1-form of V,. By the Maurer-Cartan equations, the
curvature of V, is

dm, —m, Am, = (—AP’AP + BP’FP)(p A P.
Thus
i
cl(Vp) = 2_77 / tr(dvrp =@, A wp)
(3.18)
f[tr ~tu(4,4,)]e Ao
Recall that the energy of the map M — G(k, n) determined by V, is given

by

] 2 2 _
E(Y,) =4 [[Sleuf + ZituJo n
(3.19) o o
2/tr +tr(BB))q>/\q>.
We define the holomorphic or 9 energy of V, by

(3.20) E(3,) = %/ tr( 4,4,
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Similarly the antiholomorphic or 3 energy of V, is by definition

(3.21) 3,) 2ftrBB QAP
Thus

(3.22) E(V,)=E(3,) +E(3,),
and

(3.23) )(V,) = %E(ﬁp) —%E(ap)‘

Now consider the 0-transform of V,, namely V, ;. We have, by the above
argument
1

(3-24) cl(Vp+l) = ;E(ap+1)7

where 51, +1and 9, are the 9 and 9 transforms, respectively, of V 1 Recall
Theorem 2.2(ii). It is an immediate consequence of this result that

lE(E_)pﬂ) -

T

(3.25) E(3,,,) = E(3,).

Thus

(3.26) &:(Vyr) = ~E(3,) = TE(d,.).
Hence we have

(3.27) io er{ A*V,) =% (3,) — E(83)<—17;E(V0),

Theorem 34. If (3.13) (resp. 3.13a) is a harmonic sequence for the map
Vo: M — G(k, n) where M has genus g and if none of the fundamental collinea-
tions of (3.13) (resp. 3.13a) degenerates then for any s

(s + 1), (Vy) + Zs: 1’2—: r(det aq) —k(g-1)s(s+1)
(3.28) | Pt amo

- 2(E(%) - E(2,)) < 2E(%)

(resp., —%E(Vo) < —%(E(ao) - E(és))
(3.29) s p-l
=(s+De(Vo) = L X r(detd ) + k(g — Ds(s +1)].

j=1 ¢g=0
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Proof. To prove (3.28) combine (3.16) and (3.27). To prove (3.29) modify
the above arguments to the harmonic sequence (3.13a).

Remark. By (2.3), (3.17) and (3.18)

(3.30) a(V,) = ¢ A*V,)) = ~deg(V,)

where deg(V,) is the degree of the map M — G(k, n) induced by V,. Conse-
quently the 1nequa11t1es (3.28) and (3.29) relate the degree of a harmonlc map
V,: M — G(k, n) to its energy.

Corollary 35. Ifg=0orifg=1and c;(Vy) > 0 (resp. c,(Vy) < 0) then
the harmonic sequence (3.13) (resp. (3.13a)) must have a degenerate d (resp. )
fundamental collineation.

Using (3.30) we have

Theorem 3.6. Suppose that Vy: M — G(k,n) is a harmonic map and that
M has genus g. If g = 0 or if g = 1 and degV,, # 0 then the harmonic sequence
generated by by V, has a degenerate fundamental collineation.

Remark. In fact we have proved more than is stated in Theorem 3.6. If M
has genus 1 and V, is a harmonic map M — G(k, n) then the harmonic
sequence generated by V, must have a degenerate fundamental collineation if
any of the 3 and 9 transforms of V, have nonzero degree. This means that the
only harmonic sequences over the torus that we cannot prove have a degener-
ate fundamental collineation are those such that every map in the sequence has
degree zero. Note that by (3.16) every fundamental collineation of such a
sequence has ramification index zero. In CP” every nonsuperminimal minimal
torus belongs to such a sequence. (For details see [11].) In particular, the
Clifford torus in CP? generates a cyclic harmonic sequence con51st1ng of three
maps all of degree zero.

Let f:8? > G(k,n) be a harmonic map. Denote the pth 9 (resp., 9)
transform of f by £, (resp f.,) so that f, ., =9f, p=0,1,2,--- (resp.,
fopo1=09f, p=012--) By applying Corollary 3.5 repeatedly we can
associate two sequences of pairs of integers to f as follows: Let /, be the
length of the 8 harmonic sequence from f to the o th map of the sequence with
a degenerate d fundamental collineation. In other words, f; is the first map in
the 3 harmonic sequence of f to have a degenerate 8 fundamental collineation,
f;, is the second such map and so on. Set k,, = rankd,, so that if 3, + 0 the 3
transform of f;, f, ,,, is a map S? > G(ky,n). Clearly I, < 1_,,, k,,, <k,
< k and 1 < o < k. The sequence of pairs

(331) {(ll’kl)’(12’k2)s""(1‘r’0)}

is uniquely associated to f. Note that the map f, : S 2 > G(k,_,, n) is antiho-
lomorphic. The same consideration applied to the 3 harmonic sequence of f
leads to a similar sequence again uniquely associated to f.
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Question. Is there a relation between these sequences and Uhlenbeck’s
uniton number of f as defined in [10]? If so, what is it?

It is also possible to associate a sequence similar to (3.31) to a harmonic map
f:M — G(k,n) where M has genus one. We leave the details to the reader.

§4. Turning and harmonic maps of the two-sphere

In this section we study the degenerate harmonic maps, that is, the harmonic
maps one of whose fundamental collineations is degenerate. For use later we
order the Grassmann manifolds as follows. We say G(/, n) is “smaller” than
G(k,n)if I < k.

Let V, be a harmonic map M — G(k, n) regarded as a rank k bundle.
Suppose that the 9 fundamental collineation is singular of rank !/ where
0 < I < k. Let W, denote the harmonic map M — G(/, n) determined by the
image of 9. Then we have

3
(4.1) Vo = Wo.

The vector bundle V, decomposes as the orthogonal direct sum of the rank
(k ~ 1) bundle kerd and the rank/ bundle W_; = (kerd)*. W_, describes a
harmonic map M — G(/,n). In fact W_, is the d-transform of W,. Let W_,
denote the d-transform of W_;. Define the bundle V! by

V! = span{W_,,kerd}.

Note that in general W_, and ker 9 are not orthogonal. However we have

Lemma 4.1, V! is a vector bundle (i.e. V! has constant rank).

To prove the lemma we need the following proposition which will be used
implicitly in §5

Proposition 4.2. (1) The bundle ker 9 is a holomorphic subbundle of V.

(2) The bundle W_; is an antiholomorphic subbundle of V.

Proof. Because kerd @ W_; =V, the two statements in the proposition are
equivalent. We will prove the first statement. Choose a unitary framing
{Z,---,2,} of C" adapted so that Z, span kerd and Z, span W_,, where the
indices have the ranges

l<o,7<k—-1, k-1l4+1<r,s<k, k+1<i, j<n.

Then a,; = 0 and the matrix (a,;) has rank /. Since V, is harmonic, it follows
from Theorem 2.1 in [5] that

w;a,;=0 mode.

or*ri
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This implies that
w,; =0 mode.
Hence
dZ,=0 modZ ,Z,¢.

Proof of the lemma. Let 5\,0 denote the 3 fundamental collineation of V,

and 5VO(W_1) denote the image of W_; under 5\,0. Then
V! =3y, (W_,) @ kerd.

Since W_,; is an antiholomorphic subbundle, the map 5\,0 restricted to W_; can
be regarded as an antiholomorphic map. Thus SVO(W—l) has constant rank.

Theorem 4.3. The bundle V' gives a harmonic map M — G(k,, n) where
k, < k. If k, = k then the d-transform of V' is W_, and

] 3
(4.2) VIS W 2w,
]

is a harmonic sequence. If k, < k then the d-transform of V* lies inside W_,.
Proof. Left to the reader '
The construction of (4.2) is called turning. This construction generalizes the

construction of the same name described in [5].

Remarks. (1) If k; > / then “generically” the d-transform of V! is W_; and
similarly if k, < / the 9-transform of W_; is “generically” V*. For this reason
we call a turning regular if

(a) The d-transform of V!'is W_, when k, > 1.

(b) The 3-transform of W_; is V! when k, < /.

Theorem 4.3 says that if k; = k then the turning is regular.

(2) It is interesting (and important) to determine how to reverse the
operation of turning , that is, how to recover the map V, from the map V. V?
is a holomorphic rank k,; bundle over M where by construction &k, > (k — I).
Choose an antiholomorphic rank (k — /) subbundle B of V. Then the bundle
B ® W_; has rank k and its d-transform is W,,. For appropriate choice of B
this bundle will be V. This operation is called returning. Note that when the
turning is regular, the returning depends on V! and the choice of B alone
(because in this case W_; is determined by V!). Whereas when the turning is
not regular the returning depends on V%, the choice of B, and W_;.

It is clear that the construction of turning can be iterated to construct the
sequence

9
(4.3) V‘—»W_S%—W_Sﬂ%— %—WO.
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Suppose that V* is a rank &, bundle where k, < k and that each V°, ¢ < 5,
constructed before V* is a rank k& bundle. If the final turning is regular then V,
can be constructed from V° by a sequence of returnings. If the final turning is
not regular then V, can be constructed from V* and W__ through a sequence of
returnings. In both cases note that the harmonic map V,: M — G(k, n) can be
constructed, by returnings, from harmonic maps of M into smaller Grassmann
manifolds. In the nongeneric (that is, the not regular) case more data (namely,

W_,) is required to reconstruct V.

Theorem 4.4. Let V, be a harmonic map M — G(k,n). Let W, denote the
0 transform of V, and suppose that W, is a bundle of rank [/, I < k. If M has
genus zero or if M has genus one and the map W, has positive degree then V can
be constructed by returnings from maps of M into smaller Grassmann manifolds.

Proof. The hypothesis on M insure that the 3 harmonic sequence of W,
must contain a singular 0 fundamental collineation. This in turn insures that
some V* has rank strictly less than k.

By combining Theorem 3.6 and Theorem 4.4 we have

Theorem 4.5. If M has genus zero then any harmonic map M — G(k, n)
can be constructed from either

(1) a holomorphic or antiholomorphic curve M — G(k, n) using the § or 3
transforms, or

(2) one, or possibly two, harmonic maps M — G(k,, n) i= 1,2, where
k, < k; using the 9 and 0 transforms and using returnings.

Now by induction, we have

Corollary 4.6. If M has genus zero then any harmonic map M — G(k,n)
can be constructed from holomorphic or antiholomorphic curves M — G(I, n),
1 < 1 < k, using the 3 and 9 transforms and returnings.

We remark that turning and returning can be formulated for the case of a
harmonic map V, with degenerate 9 fundamental collineation. We leave this to
the reader.

§5 Extending and harmonic maps of the two-sphere and the torus

We begin by describing another technique which, like returning, reconstructs
a harmonic map from its degenerate 3-transform {or 9-transform).

Using the same notation as in §4 we let V, denote a harmonic map
M — G(k,n) with degenerate 0 fundamental collineation and W, denote the
0 transform of V,, so that W, is a harmonic map M — G{(/,»n),0 <!/ < k. Bya
result of [5] the map W;* determined by the space orthogonal to W, is also
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harmonic. Ws* is a holomorphic vector bundle over M. Let W_; denote the
9 transform of W,. W_, is a rank / antiholomorphic subbundle of W;* . Now
choose an antiholomorphic rank k& subbundle V of W;' satisfying the condi-
tion that W_; is an antiholomorphic subbundle of V. A straightforward local
computation shows that the map M — G(k, n) defined by V is harmonic.
Moreover, for ‘appropriate choice of V we have V = V,. This operation is
called extending. (The bundle V “extends” the bundle W_;.) ‘

Suppose V,, has a degenerate 3 fundamental collineation and U, denotes its
9 transform. Let U, denote the 3 transform of U,. Then to “extend” U, we
choose a rank k& holomorphic subbundle V of U;' satisfying the condition that
U, is a holomorphic subbundle of V. Again V describes a harmonic map
M — G(k, n) and for appropriate choice of V we have V = V,.

We have

Theorem 5.1. If M has genus zero then any harmonic map M — G(k, n)
can be constructed from one holomorphic (or one antiholomorphic) curve M —
G(I,n), 1 < I < k, using the 0 and 9 transforms and extendings.

Proof. Apply Theorem 3.6 repeatedly.

We can also use extending to give the following description of the space of
harmonic maps of the torus into G(k, n).

Theorem 5.2. A harmonic map of a surface M of genus one into G(k, n) can
be constructed using the 3 and 9 transforms and extendings from either

(1) a holomorphic or antiholomorphic curve M — G(l,n)1 < I < kor

(2) a degree zero harmonic map M — G(I,n),1 < I < k.
In fact in case (2) the degree zero map can be taken to be an element of a
harmonic sequence consisting only of degree zero harmonic maps.

Proof. Apply Theorem 3.6 repeatedly.
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